Let V be a vector space over a field F and L F (V ) the semigroup, under composition, of all linear transformations α : V → V and M n (F ) the multiplicative semigroup of all n × n matrices over F . It is well-known that L F (V ) and M n (F ) are regular semigroups. If W is a subspace of
Introduction
An element x of a semigroup S is said to be regular if x = xyx for some y ∈ S, and S is called a regular semigroup if every element of S is regular.
Throughout, let F be a field, V a vector space over F and L F (V ) the semigroup, under composition, of all linear transformations α : V → V . In this paper, the image of v ∈ V under α ∈ L F (V ) is written by vα. Denote by im α and ker α the image and the kernel of α, respectively. Also, let M n (F ) denote the multiplicative semigroup of all n × n matrices over F . It is wellknown that M n (F ) ∼ = L F (V ) if dim F (V ) = n ( [4] , page 330) and L F (V ) is a regular semigroup ( [2] , page 63). Hence M n (F ) is also a regular semigroup. The entry of A ∈ M n (F ) in the i th row and j th column will be denoted by A ij . In 1952, Malcev [5] showed that every automorphism of T (X), the full transformation semigroup on a set X, is inner. Symons [7] generalized this result in 1975 by considering the subsemigroup T (X, Y ), ∅ = Y ⊆ X, of T (X) consisting of all α ∈ T (X) whose images are contained in Y , that is,
In [6] , the authors gave a characterization of the regular elements of T (X, Y ). They also determined the number of regular elements in T (X, Y ) for a finite set X. It was given in terms of |X|, |Y | and their related Stirling numbers. In this paper, we consider the subsemigroup I F (V, W ) of L F (V ) analogous to T (X, Y ) defined by
where W is a subspace of V . Its regular elements are characterized in this paper. The semigroup I F (V, W ) motivates us to consider the subsemigroup
and its regular elements are also characterized. Notice that
are not subsets of each other. To see this, assume that {0} = W V . Let B 1 be a basis of W and B a basis of V containing B 1 . Define α, β ∈ L F (V ) on B by bracket notation as follows:
Our characterizations of the regular elements of I F (V, W ) and K F (V, W ) are then applied to determine respectively the regular elements of the matrix semigroups C n (F, k) and R n (F, k) where 1 ≤ k ≤ n,
. , n} and i > k}.
In other words,
. . , n} with t 1 < t 2 < · · · < t k , then S 1 and S 2 defined by 
For the converse, assume that im α = W α. Let B 1 be a basis of ker α, B 2 a basis of im α and B 3 a basis of V containing B 2 . Since im α = W α, for each element u ∈ B 2 , there is an element u ∈ W such that u α = u. Then
, we have that α = αβα. Hence α is a regular element of I F (V, W ), as desired.
Corollary 2.2. The semigroup I F (V, W ) is regular if and only if either
Proof. Assume that {0} W V . Let B 1 be a basis of W and B a basis of
Conversely, assume that im α ∩ W = {0}. Let B 1 be a basis of ker α, B 2 a basis of im α and B 3 a basis of
Corollary 2.4. The semigroup K F (V, W ) is regular if and only if either
The converse holds since
3 The Matrix Semigroups C n (F, k) and R n (F, k)
To characterize the regular elements of C n (F, k) and R n (F, k) by Theorem 2.1 and Theorem 2.3, respectively, some lemmas are needed. For convenience, following [2] , the set of all regular elements of a semigroup S may be denoted by Reg (S).
For a vector space V , let V * and V * * be the dual space and the double dual space of V , respectively. For A ⊆ V , the annihilator of A is denoted by A 0 , that is,
Then we have Let (a 11 , . . . , a 1n ), . . . , (a m1 , . . . , a mn ), (b 1 , . . . , b n ) be elements of F n . Then the following two conditions are equivalent. (i) (b 1 , . . . , b n ) ∈ (a 11 , . . . , a 1n ), . . . , (a m1 , . . . , a mn ) .
Proof. Let U 1 = (a 11 , . . . , a 1n ), . . . , (a m1 , . . . , a mn ) and
Assume that (i) holds. Then h (x 1 ,... ,xn) (a i1 , . . . , a in ) = 0 for all i ∈ {1, . . . , m}. h (x 1 ,... ,xn) so h (x 1 ,... ,xn) (b 1 , . . . , b n 
m}. Then

It follows that
To show that (ii) implies (i), assume that (ii) holds. Then we have that for 
By (2), we deduce that U 2 ⊆ U 1 , so (i) holds. 
Proof. It is clear that ϕ is a homomorphism. It follows from (4) that
Then by (4), e i g A = e i α for all i ∈ {1, . . . , n}, and thus Aϕ = g A = α. Hence the lemma is proved. 
Proof. We have from the definitions of U 1 and U 2 that
Hence by Lemma 3.2, (i) holds.
Hence (ii) holds by Lemma 3.2.
Theorem 3.4. For
that is, for any (
Proof. Let U be the subspace of F n spanned by {e 1 , . . . , e k }. Then by Lemma 3.2 and Lemma 3. 
Hence
for all i ∈ {k + 1, . . . , n} from (6) ⇔ (A i1 , . . . , A ik ) ∈ (A 11 , . . . , A 1k ), . . . , (A k1 , . . . , A kk ) for all i ∈ {k + 1, . . . , n} ⇔ (5) holds from Lemma 3.1.
Therefore the theorem is proved.
The following two corollaries are direct consequences of Theorem 3.4.
then A is regular in C n (F, k).
We note here that if S consists of all matrices A ∈ M n (F ) of the form (7), then S is a subsemigroup of M n (F ) contained in C n (F, k) and S ∼ = M k (F ). This implies that S is a regular subsemigroup of C n (F, k).
Then A is regular in C n (F, k) if and only if A is a zero matrix.
Also, as a consequence of Theorem 3.4, C n (F, k) is a regular semigroup only the case that k = n, or equivalently, C n (F, k) = M n (F ).
Corollary 3.7. The semigroup C n (F, k) is a regular semigroup if and only
, the converse holds.
Proof. This is true if k = n since R n (F, n) = M n (F ). Assume that k < n and U is a subspace of F n spanned by {e k+1 , . . . , e n }. By Lemma 3.2 and Lemma 3.
Let A ∈ R n (F, k). Then A ij = 0 for all i, j ∈ {1, . . . , n} with i > k and
Thus to prove the theorem, it suffices to show that im g A ∩ U = {(0, . . . , 0)} if and only if (8) holds. First, assume that im g A ∩ U = {(0, . . . , 0)} and let
This implies that
Conversely, assume that (8) holds. Let (y 1 , . . . , y n ) ∈ im g A ∩ U. Then y j = 0 for all j ∈ {1, . . . , k} by (9) and (y 1 , . . . , y n ) = (a 1 , . . . , a n )g A for some (a 1 , . . . , a n ) ∈ F n . It follows that
Therefore the proof is complete.
From Theorem 3.8, we clearly have the next two corollaries.
Corollary 3.10. Let k < n and A ∈ R n (F, k) be of the form
Then A is regular in R n (F, k) if and only if A is a zero matrix. R, 3) ). To show that B ∈ Reg (R 4 (R, 2)) by Theorem 3.8, let x 1 , x 2 ∈ R be such that B 11 x 1 + B 21 x 2 = 0 = B 12 x 1 + B 22 x 2 . Then 3x 2 = 0 = x 1 + 2x 2 which implies that x 1 = x 2 = 0, so B 13 x 1 + B 23 x 2 = 0 = B 14 x 1 + B 24 x 2 .
